Abstract In this paper, we introduce a new type of closed sets in bitopological space (X, s 1 , s 2 ), used it to construct new types of normality, and introduce new forms of continuous function between bitopological spaces. Finally, we proved that the our new normality properties are preserved under some types of continuous functions between bitopological spaces.
Introduction and preliminaries
The concepts of regular closed, generalized closed (briefly, g-closed), preopen, regular generalized closed (briefly, rgclosed), and generalized preclosed (briefly, gp-closed) sets have been introduced and investigated in [1] [2] [3] [4] [5] . The concepts of preopen sets and regular open sets have been extended to bitopological spaces [6] called ij-preopen and ij-regular open respectively. The mild normality and almost normality have been introduced in [7] . A weak form of normal spaces has been introduced in [8] called mildly normal spaces. In [9] , the author used the preopen sets to define prenormal spaces, recently, in [10] the author have continued the study of further properties of prenormal spaces and also defined and investigated mildly p-normal (resp. almost p-normal) spaces which are generalization of both mildly normal (resp. almost normal) spaces and p-normal spaces. The concept of generalized preregular closed (briefly, gpr-closed) sets has been introduced in [11] . The concept of binormal spaces has been introduced in [12] . In [13, 14] extended the concepts of g-closed, gp-closed and rg-closed sets, mildly normal and almost normal spaces to bitopological spaces.
In this paper, we extend the concept of gpr-closed sets to bitopological spaces (X, s 1 , s 2 ) called ij-gpr-closed sets. Also, we construct a new types of normality in bitopological spaces based on ij-preopen sets called prebinormal, almost prebinormal and mildly prebinormal. We use the class of ij-gpr-closed sets to characterization these types of normality and construct new types of continuous functions. We prove that the introduced binormality properties are preserved under some types of continuous functions.
Throughout this paper, the following abbreviations will be adopted: Let A be a subset of a bitopological space (X, s 1 , s 2 ), the interior (resp. closure) of A with respect to topology s i (i = 1, 2) will be denoted by int i (A) (resp. cl i (A)). We denote the set of all closed sets with respect to the topology s i by i-C(X).
In what follows, let i, j 2 {1, 2} and i " j. Definition 1.1 [6] . A subset A of a bitopological space (X, s 1 , s 2 ) is said to be
The complement of ij-preopen (resp. ij-regular open) set is called ij-preclosed (resp. ij-regular closed) set. We denote the set of all ij-preopen (resp. ij-preclosed, ij-regular open and ijregular closed) sets by ij-PO(X) (resp. ij-PC(X), ij-RO(X) and ij-RC(X)). Definition 1.2 [6] . For any bitopological space (X, s 1 , s 2 ) and A˝X, ij-preinterior (resp. ij-preclosure) of A is denoted by pint ij ðAÞ (resp. pcl ij ðAÞ) and defined as
Definition 1.4.
A subset A of a bitopological space (X, s 1 , s 2 ) is said to be ij-generalized preregular closed (briefly, ij-gprclosed) if A˝U,U 2 ij-RO(X) ) pcl ji (A)˝U.
The complement of ij-g-closed (resp. ij-rg-closed, ij-gpclosed and ij-gpr-closed) set is called ij-g-open (resp. ij-rg-open, ij-gp-open and ij-gpr-open) set and defined in the following lemma. Definition 1.4 is a particular case of Definition 8 from Noiri [15] .
From Proposition 4 in [15] , we obtain the following lemma. Lemma 1.1. A subset A of a bitopological space (X, s 1 , s 2 ) is:
We denote the set of all ij-g-closed (resp. ij-g-open, ij-rgclosed, ij-rg-open, ij-gp-closed, ij-gp-open ij-gpr-closed and ij-gpr-open) sets by ij-GC(X) (resp.ij-GO(X), ij-RGC(X), ij-RGO(X), ij-GPC(X), ij-GPO(X), ij-GPRC(X) and ij-GPRO (X)).
The arbitrary union of ij-gpr-closed sets is an ij-gprclosed set. But the intersection of two of ij-gpr-closed sets need not be an ij-gpr-closed set as shown by the following example. Example 1.1. Let X = {a, b, c, d}, s 1 = {X, /, {a}, {d}, {a, d}} and s 2 = {X, /, {b}, {a, b}}. We have {b, c}, {b, d} 2 21-GPRC (X) but {b, c} \ {b, d} = {b} R 21-GPRC(X). where none of these implications is reversible as shown by the following example. Example 1.2. Let X = {a, b, c, d}, s 1 = {X, /, {a}, {a, d}} and s 2 = {X, /, {a, b}, {c, d}}.
(Arrows 1, 5) {b} 2 12-GC(X) \ 21-PC(X) but {b} R 2-C(X).
(Arrows 2, 6) {d} 2 12-RGC(X) \ 12-GPC(X) but {d} R 12-GC(X) since there exist {a, d} 2 s 1 containing {d} such that 2-cl({d}) = {c, d} 6 # {a, d}.
(Arrow 3) {a, b} 2 12-GPC(X) but {a, b} R 12-PC(X).
(Arrow 4) {a, b} 2 21-GPRC(X)but {a, b} R 21-GPC(X), since there exist {a, b} 2 s 2 containing {a, b} such that 12-pcl({a, b}) = X 6 # {a, b}.
(Arrow 7) {c} 2 21-GPRC(X)but {c} R 21-RGC(X), since there exist {c, d} 2 21-RO(X) containing {c} such that 1-cl({c, d}) = {c, d} 6 # {c}. Remark 1.1. For any bitopological space (X, s 1 , s 2 ) we note that:
(1) The classes ij-GC(X) and ji-PC(X) are independent (2) The classes ij-RGC(X) and ij-GPC(X) are independent
The following example investigate the previous remark. 
Theorem 1.1. For any bitopological space (X, s 1 , s 2 ), A˝X, the following are holds:
Proof. Obvious. h Theorem 1.2. For any bitopological space (X, s 1 , s 2 ). If A 2 ij-GPRC(X) and A˝B˝ji-pcl(A), then B 2 ij-GPRC(X).
Proof. Let B˝U, U 2 ij-RO(X). Since A˝B and ij-GPRC(X),
Some types of ij-near continuous functions
In this section we introduce two types of continuous functions between bitopological spaces and study their properties. Example 2.1. Let X = {a, b, c, d}, Y = {u, v, w}, s 1 = {X, / , {a}, {a, d}} and s 2 = {X, /, {a, b}, {c, d}}. r 1 = {Y, /, {u}, {v, w}} and r 2 = {Y, /, {v}, {u, v}}. Let f:(X, s 1 , s 2 ) fi (Y, r 1 , r 2 ).
We have f is 12-precontinuous, but it is not 1-continuous. Since there exist {u} 2 1-C(Y) but f À1 ({u}) = {a} R 1-C(X). Also, f is 12-g-continuous, but it is not 2-continuous. Since there exist {u, w} 2 2-C(Y) such that f À1 ({u, w}) = {a, c, d} R 2-C(X).
We have f is 12-gp-continuous and 12-pre-gprcontinuous but it is not 12-pre-gp-continuous. Since there exist
Remark 2.1. For any function f:(X, s 1 , s 2 ) fi (Y, r 1 , r 2 ), we note that:
(1) ij-g-continuous and ij-pre-gp-continuous are independent.
(2) ji-precontinuous and ij-g-continuous are independent. (3) ij-gp-continuous and ij-pre-gpr-continuous are independent.
The following example justifies the previous remark. 
We have f is 12-g-continuous, but it is not 12-pre-gpcontinuous. Since there exist {v} 2 21-PC(Y) such that f
We have f is 12-pre-gp-continuous, but it is not 12-gcontinuous. Since there exist {w} 2 2-C(Y) such that f
We have f is 21-precontinuous, but it is not 12-g-continuous. Since there exist {w} 2 2-C(Y) such that f
We have f is 12-g-continuous, but it is not 21-precontinuous. Since there exist {w} 2 2-C(Y) such that f
We have f is 12-gp-continuous, but it is not 12-pre-gpr-
We have f is 12-pre-gpr-continuous, but it is not 12-gpcontinuous. Since there exist {w} 2 2-C(Y) such that f
À1
({w}) = {a, d} R 12-GPC(X). Proof. Necessity, Let B˝Y, U 2 ij-PO(X) such that Proof. Similar to Lemma 2.1. h Theorem 2.2. Let f:(X, s 1 , s 2 ) fi (Y, r 1 , r 2 ) is ij-pre-gpcontinuous (resp. ij-pre-gpr-continuous) function and g: (Y, r 1 , r 2 ) fi (Z, g 1 , g 2 ) is ij-preirresolute function, then gf:(X, s 1 , s 2 ) fi (Z, g 1 , g 2 ) is ij-pre-gp-continuous (resp. ij-pre-gpr-continuous)
Consequently, g f ij-pre-gp-continuous. h
Some types of normality in bitopological spaces
In this section, we introduced three concepts of normality in bitopological spaces namely prebinormal, mild prebinormal, and almost prebinormal. We give a new characterization of these types of binormality by ij-gpr-open sets.
Definition 3.1 [12] . A bitopological space (X, s 1 , s 2 ) is said to be binormal if given disjoint subsets A, B, A 2 i-C(X) and B 2 j-C(X), there are disjoint subsets U, V such that U 2 s j , V 2 s i , A˝U and B˝V. Definition 3.2. A bitopological space (X, s 1 , s 2 ) is said to be pre binormal if given disjoint subsets A, B, A 2 i-C(X) and B 2 j-C(X), there are disjoint subsets U, V such that U 2 ji-PO(X), V 2 ij-PO(X), A˝U and B˝V.
Theorem 3.1. For any bitopological space (X, s 1 , s 2 ), the following statements are equivalent:
(a) X is prebinormal; (b) for any disjoint sets A 2 i-C(X) and B 2 j-C(X), there exist U 2 ij-GPRO(X), V 2 ji-GPRO(X) and U \ V = / such that A˝U and B˝V (c) for any A 2 i-C(X),G 2 s j and G˚A, there exists U 2 ij-GPRO(X) such that A˝U˝pcl ij (U)˝G.
Proof. (a) ) (b).
Let A 2 i-C(X), B 2 j-C(X) and A \ B = /. Since X is prebinormal, then there exist U 2 ji-PO(X),V 2 ij-PO(X) and U \ V = / such that A˝U and B˝V, this follows that, there exist U 2 ij-GPRO(X), V 2 ji-GPRO(X) and U \ V = / such that A˝U and B˝V.
(b) ) (c). Let A 2 i-C(X), G 2 s j and G˚A. Then, A 2 i-C(X), XnG 2 j-C(X), (XnG) \ A = /. Then, there exist U 2 ij-GPRO(X),V 2 ji-GPRO(X)and U \ V = / such that A˝U and XnG˝V. Since V 2 ji-GPRO(X), XnG 2 ji-RC(X) and XnG˝V, then by using Lemma 1.1 (4) we have pint ij (V)X nG. U \ V = / implies U \ pint ij (V) = /. Consequently, A˝U˝Xnpint ij (V)˝G, this follows that A˝U˝pcl ij (U)˝Xnpint ij (V)˝G. Consequently, A˝U˝pcl ij (U)˝G.
(c) ) (a). Let A 2 i-C(X), B 2 j-C(X) and A \ B = /. Then, A 2 i-C(X), XnB 2 s j and A˝XnB. Consequently, there exist G 2 ij-GPRO(X) such that A˝G˝pcl ij (G)˝XnB. Since A˝G, A 2 ij-RC(X) and G 2 ij-GPRO(X) then, by using Lemma 1.1 (4) we have A˝pint ji (G). This follows that
). Then U, V are disjoint, U 2 ji-PO(X) and V 2 ij-PO(X) Such that U˚A and V˚B. h Definition 3.3. A space (X, s 1 , s 2 ) is said to be almost prebinormal if given disjoint subsets A and B, A 2 i-C(X), B 2 ji-RC(X), there are disjoint subsets U and V such that U 2 ji-PO(X), V 2 ij-PO(X), A˝U and B˝V. Theorem 3.2. For any bitopological space (X, s 1 , s 2 ), the following statements are equivalent:
(a) X is almost prebinormal; (b) for each disjoint sets A 2 i-C(X) and B 2 ji-RC(X) there are disjoint subsets U 2 ij-GPO(X) and V 2 ji-GPO(X) such that A˝U and B˝V;
(c) for each disjoint sets A 2 i-C(X) and B 2 ji-RC(X) there are disjoint subsets U 2 ij-GPRO(X) and V 2 ji-GPRO(X) such that A˝Uand B˝V; (d) for each A 2 i-C(X) and K 2 ji-RO(X), and K˚A there exists U 2 ij-GPRO(X) such that A˝U˝ij-pcl(U) K.
Proof. It is obvious that (a) ) (b) ) (c).
(c) ) (d). Let A 2 s c i and K 2 ji-RO(X) and K˚A. This implies that A 2 s c i and XnK 2 ji-RC(X) and (XnA) \ A = / Then, there exists U 2 ij-GPRO(X) and V 2 ji-GPRO(X) such that A˝U, XnK˝V and U \ V = /. Since V 2 ji-GPRO(X), XnK 2 ji-RC(X) and XnK˝V, then by Lemma 1.1 (4), we have
This implies that A 2 i-C(X), XnB 2 ji-RO(X) and A˝XnB. Consequently, there exists U 2 ij-GPRO(X) such that A˝U˝pcl ij (U)˝XnB. Since A˝U, A 2 ij-RC(X)and U 2 ij-GPRO(X) then, by using Lemma 1.1 (4) we have Ap int ij (U). This follows that B˝Xnpcl ij (U) = pint ij (U c ), pint i-
and H 2 ij-PO(X) Such that G˚A and H˚B. h Definition 3.4. A bitopological space (X, s 1 , s 2 ) is said to be mildly prebinormal if given disjoint subsets A 2 ij-RC(X) and B 2 ji-RC(X), there are disjoint subsets U 2 ji-PO(X) and V 2 ij-PO(X) Such that A˝U and B˝V. (a) X is mildly prebinormal; (b) for any A 2 ij-RC(X), B 2 ji-RC(X) and A \ B = / there are U 2 ij-GPO(X), V 2 ji-GPO(X) and U \ V = / such that A˝U and B˝V; (c) for any A 2 ij-RC(X), B 2 ji-RC(X) and A \ B = / there are U 2 ij-GPRO(X), V 2 ji-GPRO(X) and U \ V = / such that A˝U and B˝V; (d) for any A 2 ij-RC(X), K 2 ji-RO(X) and A˝K there exists U 2 ij-GPO(X), such that A˝U˝pcl ij (U)˝K; (e) for any A 2 ij-RC(X), K 2 ji-RO(X) and A˝K there exists U 2 ij-GPRO(X), such that A˝U˝pcl ij (U)˝K;
Proof. Similar to that of Theorem 3.2. h
Preservation theorems
In this section, we prove that the three types of binormality properties are preserved under some types of function between bitopological spaces.
is ij-pre-gp-closed, icontinuous, surjection and X is prebinormal then Y is also prebinormal.
Since X is prebinormal, there exist U 2 ji-PO(X), V 2 ij-PO(X) and U \ V = / such that f , s 1 , s 2 ) fi (Y, r 1 , r 2 ) is ij-pre-rgp-closed ij-R-map, surjection and X is mildly prebinormal then Y is also mildly prebinormal.
Since X is mildly prebinormal, then there exist U 2 ji-PO(X), V 2 ij-PO(X) and U \ V = / such that f 
